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We study harmonically trapped one-dimensional atoms subjected to an equal combination of
Rashba and Dresselhaus spin-orbit coupling induced by Raman transition. We first examine the
wave function and the degeneracy of the single-particle ground state, followed by a study of two
weakly interacting bosons or fermions. For the two-particle ground state, we focus on the effects
of the interaction on the degeneracy, the spin density profiles, and the density-density correlation
functions. Finally we show how these studies help us to understand the many-body properties of
the system.
PACS numbers: 67.85.-d, 34.50.-s, 03.75.Mn, 03.75.Hh
I. INTRODUCTION
In recent years, spin-orbit coupling and synthetic gauge
fields [1, 2] in ultracold atomic gases have attracted a
great amount of interest. With equal Rashba and Dres-
selhaus strengths, spin-orbit coupling in both atomic
Bose [3–5] and Fermi [6, 7] gases have been realized in
experiments. Theoretically, it was predicted that such
systems would exhibit novel quantum phases for both
bosonic [8–11] and fermionic [12, 13] cases, as well as
unique features such as the stripe pattern in many-body
density profile [8, 14, 15]. For spin-orbit coupled sys-
tems in uniform space, the single-particle ground state
[16] can be easily obtained, and the ground states of
two-body [17, 18] and many-body [14] systems with zero-
range contact interactions have been analytically calcu-
lated by scattering theory and by mean field approaches,
respectively. Compared with investigating these systems
in uniform space, it may be more relevant and realis-
tic to consider the systems in a harmonic trap, as a
trapping potential is always present in cold atom experi-
ment. The energy spectra of trapped single-particle [19–
21] and two-particle [22, 23] systems with spin-orbit cou-
pling have been numerically studied. However, a system-
atic investigation of the single-particle and two-particle
ground states, and how they are related to the many-
body physics of the trapped system is still lacking.
In this paper we aim to present such a study. We
systematically investigate the ground states of a single
particle, two bosons, and two fermions confined in a one-
dimensional (1D) harmonic trap with Raman-induced
spin-orbit coupling. For the single-particle ground state,
which is presented in Sec. II, we obtain the wave func-
tions through imaginary time evolution and demonstrate
how the Raman coupling strength and the trap fre-
quency affect the degeneracy. In Sec. III we consider
two weakly interacting bosons. The degeneracy, entan-
glement, density-density correlation functions, and spin
density profiles of the ground state are studied by vary-
ing the spin-dependent contact interaction, Raman cou-
pling strength, and two-photon detuning. Our results
demonstrate that the spin-dependent interaction breaks
the ground state degeneracy of this system, and also im-
prints a stripe pattern in the density-density correlation.
In Sec. V, we propose an experimental scheme to measure
the energy gap between the ground state and the first ex-
cited state of the system through a resonance excitation
process [25, 26]. In addition, the connection between the
behaviours of two-boson and many-boson ground states
are discussed. To investigate the effect of quantum statis-
tics, we then consider a system of two fermions in Sec. IV
and show how they differ from the system of two bosons.
Finally, we conclude in Sec. VI.
II. SINGLE-PARTICLE GROUND STATE
In this section, we consider a single spin-1/2 atom con-
fined in a 1D harmonic trap with frequency ω, subjected
to the Raman-induced spin-orbit coupling, with two-
photon recoil momentum qr, Raman coupling strength
Ω, and two-photon detuning δ. The Hamiltonian then
takes the form
h =
pˆ2
2m
+
1
2
mω2x2 +
qrpˆ
m
σz +
Ω
2
σx +
δ
2
σz , (1)
where σx and σz denote the x and z components of Pauli
matrices, m is the atomic mass, pˆ = −i~∂/∂x is the
momentum operator, and x is the position. The two spin
states are defined as σz | ↑〉 = | ↑〉 and σz | ↓〉 = −| ↓〉,
respectively. We mainly consider the case with δ = 0,
and the influence of finite δ will be briefly discussed.
A. Homogeneous System
We first briefly review the case when there is no trap
[16], i.e., ω = 0. For this case, the system possesses
translational symmetry and thus the momentum p is a
good quantum number. When δ = 0, the single-particle
2dispersion is given by
ǫp =
p2
2m
±
√
q2rp
2
m2
+
Ω2
4
. (2)
For Ω < 4Er (where Er ≡ q2r/(2m) is the recoil en-
ergy), ǫp displays two degenerate minima at p = ±k ≡
±qr
√
1− (Ω/4Er)2, corresponding to two orthogonal de-
generate ground states
〈xσ| g1〉 = eikx [cos θk − sin θk]T , (3)
〈xσ| g2〉 = e−ikx [sin θk − cos θk]T , (4)
where σ =↑ (↓) marks the spin up (down) state, and
tan θk =
2
Ω
(
qrk
m +
√
q2
r
k2
m2 +
Ω2
4
)
. For Ω > 4Er, the sin-
gle particle dispersion has only a single minimum at p = 0
and the non-degenerate ground state takes the form
〈xσ| g〉 =
[
1/
√
2 − 1/
√
2
]T
. (5)
B. Trapped System
The presence of a harmonic trap breaks the transla-
tional symmetry of the system, and we have to resort
to numerical calculations to study the properties of the
ground state. Using the finite difference method to dis-
cretize pˆ and x, we obtain eigenenergies through the di-
agonalization of the single-particle Hamiltonian (1), and
the ground-state wave function by imaginary time evolu-
tion. At δ = 0, Hamiltonian (1) possesses the following
symmetry: If |ψ〉 is an eigenstate of h, |ψ′〉 = σxK|ψ〉,
where K represents complex conjugate operator, is also
an eigenstate with the same eigenenergy. However, un-
like the time reversal symmetry of a spin-1/2 system
which results in Kramer degeneracy, the current sym-
metry does not guarantee degenerate eigenstates. For
a non-degenerate state |ψ〉, the above symmetry prop-
erty necessarily requires |ψ′〉 = σxK|ψ〉 to differ from |ψ〉
by at most an overall phase factor. In Fig. 1(a) we ex-
hibit the low-lying energy spectrum for a trapped system
with three different values of Raman coupling strength Ω.
Each red (blue) dot represents the energy of a two-fold
degenerate (non-degenerate) eigenstate. At Ω = 0, we
have two uncoupled spin states, and all the single-particle
states must be trivially two-fold degenerate. As Ω in-
creases, degeneracies of the high-energy states start to
be lifted first. Eventually, at a critical coupling strength
Ωc, the degeneracy of the ground state is also lifted and
all the single particle eigenstates become non-degenerate.
The energy difference ∆ǫ between the two lowest-lying
states is shown in Fig. 1, as a function of Ω for various
trap frequencies ω. For a fixed value of the trap frequency
ω, with increasing Ω, ∆ǫ changes from zero to finite when
Ω exceeds Ωc, signaling that the ground state changes
from being two-fold degenerate to non-degenerate. The
critical value Ωc at which the ground state degeneracy
is lifted is a decreasing function of the trap frequency ω,
and in the limit ω → 0, Ωc = 4Er and we recover the
result for the homogeneous system.
b
index index index
(a2)(a1) (a3)
FIG. 1: (color online) (a1)-(a3) The first 16 single-particle
eigenenergies with trap frequency ω = 2ω0 for several different
values of Raman coupling strength Ω/(~ω0) = 40, 130, 200.
Red dots correspond to two-fold degenerate eigenstates and
blue dots correspond to non-degenerate eigenstates. (b) En-
ergy gap ∆ǫ between the two lowest energy eigenstates as a
function of Ω for different values of trap frequency. We con-
sider δ = 0 in this figure. Throughout this paper, we choose
ω0 = 2π × 100Hz to be the unit for frequency and take m to
be the mass of the 87Rb atom. As typical values in experi-
ments, we choose the recoil momentum qr = 10
√
m~ω0, and
the trap frequency ω in the range of 0.1 ∼ 10ω0.
The degeneracy breaking of single-particle eigenstates
at large Ω can be intuitively understood as follows. The
Raman coupling term, Ωσx/2, in the Hamiltonian (1)
behaves like an effective Zeeman field in the x-direction.
At large Ω, this effective Zeeman field is so strong that it
polarizes the spin-1/2 particle by aligning its spin along
the x-axis, and the particle essentially becomes a scalar
particle as its spin degrees of freedom is frozen. It is a
well known fact that, for a scalar particle, there is no
degenerate bound state in 1D [24].
The two-component spinor wave function of a sin-
gle particle can be written as
[
φ↑ (x) φ↓ (x)
]T
, where
φσ(x) = |φσ(x)| eiθσ(x) is in general complex with phase
angle θσ(x). In Fig. 2, we exhibit the ground state wave
function for ω = 2ω0 (which corresponds to the red solid
line in Fig. 1(b)) and two different values of Ω.
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FIG. 2: (color online) Single-particle ground state wave func-
tions with ω = 2ω0, qr = 10
√
m~ω0, and δ = 0. Red solid
line and blue dashed line correspond to the spin-up compo-
nent and the spin-down component, respectively. For two
degenerate ground states at Ω = 130~ω0, (a)(c) are the real
space probability profiles, and (b)(d) are the phase angles.
For the non-degenerate ground state at Ω = 200~ω0, (e) is
the real space probability profile, and (f) is the phase angle.
We define aho =
√
~
mω0
.
When Ω = 130~ω0, the ground states are two-fold de-
generate, and the two degenerate states are transformed
to each other by the symmetry operation σxK. The
spin density profiles for the two degenerate ground states
are depicted in Fig. 2(a) and (c), with the correspond-
ing phase angles plotted in Fig. 2(b) and (d), respec-
tively. These plots suggest that we can approximately
write down the ground state wave functions as
〈xσ| g1〉 = eikx
[
φ1 (x) −φ2 (x)
]T
, (6)
〈xσ| g2〉 = e−ikx
[
φ2 (x) −φ1 (x)
]T
, (7)
where φ1(2) (x) is real and
[
φ1(2) (x)
]2
is represented by
the red solid (blue dashed) line in Fig. 2(a), and k is
the slope of the phase angles in Fig. 2(b). The density
profiles of both |g1〉 and |g2〉 depicted in Fig. 2(a) and
(c) are smooth in real space. These two states can be
regarded as the analogies of the degenerate ground states
for the uniform system, see Eqs. (3) and (4). However,
due to the degeneracy, any linear superposition of |g1〉
and |g2〉 represents a ground state of the system. Such
superposition state will exhibit a stripe pattern in its real
space probability profile.
When Ω = 200~ω0, the ground state is non-degenerate.
This state is depicted in Fig. 2(e) and (f). The symmetry
property under the operation σxK guarantees that, for
a non-degenerate state, we must have |φ↑(x)| = |φ↓(x)|
and θ↑(x) + θ↓(x) =const. As can be seen from Fig. 2(e)
and (f), these conditions are indeed satisfied by the non-
degenerate ground state. Furthermore, the phase angles
are almost uniform. As a result, this ground state can be
approximately represented by
〈xσ| g〉 = φ0(x)
[
1/
√
2 − 1/
√
2
]T
, (8)
where φ0 (x) is a real function and [φ0 (x)]
2
/2 is plot-
ted in Fig. 2(e). This state is obviously the analogy of
the non-degenerate ground state for the uniform system
represented by Eq. (5).
Now we briefly discuss the case with finite δ. In this
case, the single-particle state is always non-degenerate,
possessing a non-vanishing magnetization 〈σz〉. In addi-
tion, the real-space wave packet of the ground state is
always smooth.
III. TWO-BOSON GROUND STATE
The two-body physics of trapped particles with spin-
orbit coupling has some non-trivial features. The re-
search by D. Blume’s group has investigated how the
real-space spin structure [22] and the eigenenergy spec-
trum [23] depend on qr, Ω, and the interaction strength
(In those works, the interaction has SU(2) symmetry,
i.e., the interaction between different spins are charac-
terized by the same interaction strength). Here we inves-
tigate the system from a different perspective and focus
on different parameter regimes. We study degeneracies,
density-density correlations, and density profiles of the
ground states, investigate connections between single-
particle, two-particle, and many-particle ground states,
and consider the parameters from current 87Rb experi-
ments with a spin-dependent interaction.
In this section, we consider two weakly interacting
spin-orbit coupled bosons in a harmonic trap. To this
end, we use the single-particle eigenstates discussed in the
previous section to construct a set of two-body symmetric
basis vectors for expanding the two-boson Hamiltonian.
We label the single-particle eigenstates |i〉 with corre-
sponding eigenenergies ǫi. Then states |ii〉b ≡ |i〉1 |i〉2,
4and |ij〉b ≡ 1√2 (|i〉1 |j〉2 + |j〉1 |i〉2) for i > j form the
symmetric two-particle basis. Here 1, 2 are particle in-
dices and we take a cut-off for i, j in numerical calcu-
lation. Then the matrix elements of the two-particle
Hamiltonian
H = h1 + h2 + Vˆ , (9)
with h1 and h2 being the single particle Hamiltonians
and Vˆ the two-body contact interaction potential, can
be written as
〈ij| (h1 + h2) |kl〉b = (ǫi + ǫj) δikδjl , (10)
and
〈ij| Vˆ |kl〉b =
∑
σ1σ2
gσ1σ2
ˆ
dx f ijσ1σ2 (x) [f
kl
σ1σ2 (x)]
∗ , (11)
with f ijσ1σ2 (x) =b 〈ij| xσ1〉1 |xσ2〉2. Away from the con-
finement induced resonance, the quasi-1D interaction
strength gσ1σ2 is related to the 3D interaction strength
g3Dσ1σ2 as gσ1σ2 =
mω⊥
2pi~ g3Dσ1σ2 , where ω⊥ is the strong
transverse trap frequency [27]. In our calculation, we
consider a spin symmetric interaction g3D↑↑ = g3D↓↓ =
7.79 × 10−12Hz cm3, which is from current experiments
in 87Rb [16]. Accordingly, we take the quasi-1D inter-
action strength g↑↑ = g↓↓ ≡ g with g = 0.16~ω0aho
where aho =
√
~/ (mω0). In the scope of this paper, this
interaction is relatively weak compared with center-of-
mass motion energy and the spin-orbit-coupling energy,
and hence the ground state of two interacting particles
will not deviate much from the ground state in the non-
interacting case. To characterize the properties of the
ground state, we investigate the density-density correla-
tion function which is defined as
Cbσ1σ2 (x1, x2) ≡ 〈Ψg| nˆσ1 (x1) nˆσ2 (x2) |Ψg〉
= 2 |1 〈x1σ1|2 〈x2σ2| Ψg〉|2 , (12)
and the density profile which is defined as
nbσ (x) ≡ 〈Ψg| nˆσ (x) |Ψg〉 , (13)
where nˆσ (x) is the density operator of spin σ and |Ψg〉
represents the two-boson ground state in this section.
A. Two-body Phase Diagram at g↑↓ = 0.6g
We obtain the low-lying eigenstates of the two-boson
system by diagonalizing H after it has been expanded
onto the symmetric two-particle basis states |ij〉b. Here
we still consider the case with δ = 0. From the previous
study of many-boson physics, we know that the stripe
phase only appears with small δ, so this regime contains
the most abundant many-boson physics. In the examples
FIG. 3: (color online) (a) Energies of the lowest three two-
boson eigenstates for g↑↓/g = 0.6. Here solid and empty
circles correspond to non-degenerate and degenerate states,
respectively. (b) Energy difference between the two lowest
energy states for the case of two weakly interacting bosons,
as a function of Ω, for g↑↓/g = 1, 0.9, 0.6, 0.2, -0.4. (c)
Ω
(1)
c and Ω
(2)
c as functions of g↑↓. The other parameters are:
δ = 0, qr = 10
√
m~ω0, ω = 2ω0, g = 0.16~ω0aho. The 1D
interaction strength g is calculated from 3D interaction pa-
rameter g3D = 7.79×10−12Hz cm3 with a transverse trapping
frequency ω⊥ = 100ω0.
presented below, we choose the trap frequency to be ω =
2ω0. We have checked that a different choice of ω does
not lead to new quantum phases. In Fig. 3(a), we plot
the energies of the three lowest eigenstates for several
different values of Ω with g↑↓ = 0.6g. In Fig. 3(b), we
plot ∆Eb, the energy difference between the two lowest
energy states, as a function of Ω with several different
values of g↑↓. For now let us focus on the the case with
g↑↓ = 0.6g which is represented by the black solid line in
Fig. 3(b). Depending on whether ∆Eb vanishes or not,
5the ground state then exhibits the following three phases
as Ω varies:
Phase I — When Ω < Ω
(1)
c ≈ 115~ω0, ∆Eb is finite,
so the two-boson ground state is non-degenerate. In this
regime, the single-particle ground state is two-fold degen-
erate and we label the two single-particle ground states
as |g1〉 and |g2〉 (see discussion in Sec. II). The ground
state of the two boson system can then be approximately
represented as
∣∣ΨIg〉 ≈ |g1g2〉b ≡ 1√2 (|g1〉1|g2〉2 + |g2〉1|g1〉2) . (14)
Hence the two bosons each occupies one of the single-
particle ground states. Due to the bosonic statistics,
the two bosons are highly entangled. In Fig. 4(a1) and
(a2), we plot the density-density correlation Cbσ1σ2 (0, x)
and the spin density profiles nbσ(x), respectively. The
two-boson ground state features a smooth density profile
identical for the two spin components. However, the en-
tanglement manifests itself in the oscillations (or stripes)
in Cbσ1σ2 (0, x). Given the two-boson ground state in
Eq. (14) and the single-particle ground states in Eqs. (6)
and (7), we can explicitly write down the density-density
correlation functions and the spin density profiles as
Cb↑↑(x1, x2) = C
b
↓↓(x1, x2) ≈ A1 +B cos [2k (x1 − x2)] ;
Cb↑↓(x1, x2) = C
b
↓↑(x1, x2) ≈ A2 +B cos [2k (x1 − x2)] ,
nb↑(x) = n
b
↓(x) ≈ φ21(x) + φ22(x) , (15)
with
A1 ≡ φ21 (x1)φ22 (x2) + φ21 (x2)φ22 (x1) ; (16)
A2 ≡ φ21 (x1)φ21 (x2) + φ22 (x1)φ22 (x2) ;
B ≡ 2φ1 (x1)φ2 (x2)φ1 (x2)φ2 (x1) .
being smooth functions of x1 and x2. The stripes in
the density-density correlation arise from the sinusoidal
terms in Eq. (15). We note in Fig. 3(a1) that in this
phase, the first excited two-boson state is doubly degen-
erate. The two degenerate states roughly correspond to
|g1g1〉b and |g2g2〉b.
In order to connect the two-body physics to the many-
body physics, we plot in Fig. 4(a3) the mean-field con-
densate density profile. The condensate wave function is
obtained by minimizing the mean-field energy functional
EMF =
ˆ
dx
[
N
(
Φ∗↑ Φ
∗
↓
)
h
(
Φ↑
Φ↓
)
(17)
+
N2g
2
(|Φ↑|4 + |Φ↓|4) +N2g↑↓ |Φ↑|2 |Φ↓|2
]
,
where Φ↑ and Φ↓ are the condensate wave functions of
the two spin components, and N is the total number
of atoms, which we take to be 1000 in this calculation.
Fig. 4(a3) shows that the condensate is in the so-called
stripe phase where the density profile exhibits a stripe
pattern. This stripe pattern can therefore be regarded as
a manifestation of the stripes in the two-body correlation
function shown in Fig. 4(a1), even though the two-body
density profiles are smooth. Similar connection between
the mean-field many-body calculation and the quantum
few-body result is also found elsewhere [29, 30]. See Ap-
pendix A for a more detailed discussion.
Finally, let us consider the effect of finite two-photon
detuning δ. A finite δ breaks the degeneracy of the
single-particle ground state. Hence one may expect that
for a large |δ|, the ground state of the two weakly in-
teracting bosons corresponds to an unentangled state
with both bosons occupying the non-degenerate single-
particle ground state. For this unentangled ground state,
Cbσ1σ2 (x1, x2) becomes smooth. However, for a suffi-
ciently small |δ|, the two-boson ground state still roughly
takes the form of Eq. (14), with |g1〉, |g2〉 representing the
ground and first excited single-particle states, and thus
Cbσ1σ2 (x1, x2) still exhibits stripes. To demonstrate the
variation of the entanglement, we plot in Fig. 5(a) the
entanglement entropy S of the two-boson ground state,
where S = −Tr[ρ1 ln ρ1] with ρ1 = Tr2[|Ψg〉〈Ψg|] being
the reduced density matrix for particle 1. The state rep-
resented by (14) is maximally entangled with S = ln 2.
Using the numerically obtained ground states with finite
|δ|, we find that S is very close to ln 2 for |δ| < 0.03~ω0,
and beyond this range, S quickly drops to 0, indicat-
ing an unentangled ground state. The range of δ within
which the ground state is entangled is shown in Fig. 5(b)
as a function of Ω. As Ω tends to Ω
(1)
c , this range ap-
proaches zero. In Fig. 5(b), The "entangled" ("unen-
tangled") region manifests itself in oscillating (smooth)
density-density correlations.
Phase II — When Ω
(1)
c < Ω < Ω
(2)
c , ∆Eb = 0 indi-
cates that the ground states have two-fold degeneracy.
Here Ω
(2)
c ≈ 160~ω0 is very close to the critical Raman
coupling strength Ωc at which the single-particle ground
state changes from degenerate to non-degenerate. Our
result shows that the two degenerate two-boson ground
states can be approximately represented as
∣∣ΨIIg1〉 ≈ |g1g1〉b ≡ |g1〉1 |g1〉2 , (18)∣∣ΨIIg2〉 ≈ |g2g2〉b ≡ |g2〉1 |g2〉2 .
Hence the two bosons occupy the same single-particle
ground state. In Fig. 4(b1) and (b2), we plot Cbσ1σ2 (0, x)
and nbσ (x) for
∣∣ΨIIg1〉, respectively, whose explicit expres-
sions in terms of the single-particle ground states are ap-
6(a1)
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FIG. 4: (color online) (a1)-(c1) Density-density correlation functions of two-boson ground states. (a2)-(c2) Spin density profiles
of two-boson ground states. (a3)-(c3) Mean-field ground state density profiles for a condensate of 1000 bosons. The figures
are plotted for the cases with Ω/(~ω0) = 100, 130, 200, and g↑↓ = 0.6g, δ = 0. At Ω = 130~ω0, the ground states are two-fold
degenerate and the figures are for one of the degenerate states.
entangled
unentangled
(a) (b)
FIG. 5: (color online) (a) Von Neumann entanglement en-
tropy of the two-boson ground state, as a function of δ. The
figure is plotted for the case with g↑↓ = 0.6g and Ω = 50~ω0.
(b) The boundary of entangled and non-entangled ground
states with g↑↓ = 0.6g, as a function of δ and Ω. In the "en-
tangled" region , ground states are strongly entangled and
thus exhibit stripes in density-density correlations. In the
"unentangled" region, ground states are not entangled and
show smooth density-density correlations. Other parameters:
qr = 10
√
m~ω0, ω = 2ω0, g = 0.16~ω0.
proximately given by:
Cb↑↑(x1, x2) ≈ 2φ21(x1)φ21(x2) ; (19)
Cb↓↓(x1, x2) ≈ 2φ22(x1)φ22(x2) ;
Cb↑↓(x1, x2) ≈ 2φ21(x1)φ22(x2) ;
Cb↓↑(x1, x2) ≈ 2φ21(x2)φ22(x1) ,
nb↑(x) = 2φ
2
1(x) ;
nb↓(x) = 2φ
2
2(x) .
In this regime, both the density-density correlation func-
tions and the spin density profiles are smooth functions
of the position. In addition, the total magnetization
M ≡ ´ dx [n↑ (x)− n↓ (x)] 6= 0 in this phase. The corre-
sponding mean-field condensate density profiles are plot-
ted in Fig. 4(b3). Here the condensate is in the so-called
plane-wave phase and the density profiles for the two spin
components are smooth. The condensate in this phase
also exhibits finite magnetization.
Note that the two degenerate states |ΨIIg1〉 and |ΨIIg2〉
represented in Eq. (18) are unentangled states. However,
7due to the degeneracy, any superposition state of |ΨIIg1〉
and |ΨIIg2〉 is still a ground state of the two-body sys-
tem, and such a superposition state is entangled. How-
ever, this entanglement is not robust against a finite two-
photon detuning δ: any finite δ will force both atoms to
occupy the same non-degenerate single-particle ground
state, and hence destroy the entanglement and result in
the smooth Cbσ1σ2 (x1, x2). This represents an essential
difference for the ground state entanglement property be-
tween Phase I and II.
In Phase II, we note that the first excited state is
non-degenerate as shown in Fig. 3(a2) and roughly cor-
responds to |g1g2〉b. Hence the ground state of Phase I
corresponds to the first excited state of Phase II, and vice
versa. These two phases result from the competition be-
tween the following two factors: (1) The quantum statis-
tical property of bosons favors identical bosons to occupy
the same single-particle state; and (2) the smaller inter-
species interaction (g↑↓ < g) favors the bosons to occupy
different spin states, and the smaller Raman coupling
strength Ω induces more difference between the spins of
|g1〉 and |g2〉. We present in Appendix B a detailed and
quantitative discussion on this.
Phase III — When Ω > Ω
(2)
c , the gap reopens as ∆Eb
becomes finite again. In this regime, the single-particle
ground state |g〉, whose wave function is given in Eq. (8),
is also non-degenerate. The two-boson ground state can
then be approximately represented by
∣∣ΨIIIg 〉 ≈ |gg〉b ≡ |g〉1 |g〉2 , (20)
which features a smooth Cb↑↑ (0, x) ≈ Cb↑↓ (0, x) and iden-
tical nb↑(x) = n
b
↓(x), as shown in Fig. 4(c1) and (c2). The
explicit expressions are approximately given by:
Cb↑↑(x1, x2) = C
b
↓↓(x1, x2) ≈ 12φ20(x1)φ20(x2) ; (21)
Cb↑↓(x1, x2) = C
b
↓↑(x1, x2) ≈ 12φ20(x1)φ20(x2) ;
nb↑(x) = n
b
↓(x) ≈ φ20(x) .
The corresponding mean-field condensate density profiles
are plotted in Fig. 4(c3). As in the two-body case, the
condensate is smooth and features identical density pro-
files for the two spin components.
In this Phase, all the two-boson eigenstates are non-
degenerate, as well as all the single-particle eigenstates.
The weak interaction only causes small shifts of the
eigenenergies, but does not affect the degeneracies.
B. Effects of g↑↓ on Two-body Phase Diagram
The above discussion demonstrates that, with g↑↓ =
0.6g, the ground state exhibits three phases separated
by two critical Raman coupling strengths Ω
(1)
c and Ω
(2)
c .
Now let us discuss how the two-body phase diagram is
changed when the inter-species interaction strength g↑↓
is varied, while the intra-species interaction strength is
fixed at value g.
In Fig. 3(b), we also plot the energy difference between
the two lowest energy states for several other values of
g↑↓. The dependence of Ω
(1)
c and Ω
(2)
c on g↑↓ are plot-
ted in Fig. 3(c). From these plots, we see that Ω
(1)
c
vanishes for g↑↓ ≥ g. In other words, when the inter-
species interaction strength exceeds the intra-species in-
teraction strength, Phase I, and hence the stripe phase
in the mean-field many-body regime, no longer exists.
We have checked that this property is independent of the
trap frequency ω.
As g↑↓ decreases from g, Ω
(1)
c increases from zero and
approaches Ω
(2)
c , while Ω
(2)
c remains almost unchanged.
Correspondingly, the parameter space where Phase II ex-
ists shrinks. At a critical value of g↑↓, the two critical Ra-
man coupling strengths merge, and for g↑↓ smaller than
this value, the two-body ground state is no longer degen-
erate for any values of Ω, and ∆Eb is always positive (see
the curve in Fig. 3(a) with g↑↓ = −0.4g).
C. Effects of Er and ω on Two-body Phase Diagram
In the above discussion, we have taken the trap fre-
quency ω = 2ω0 and the recoil energy Er ≡ q2r/2m =
50~ω0, by referring to parameters from current experi-
ments in 87Rb [3]. Since both Er and ω can be tuned in
cold atom experiments, here we discuss how the changes
of Er and ω affect the two critical Raman coupling
strengths Ω
(1)
c and Ω
(2)
c for g↑↓ = 0.9g shown in Fig. 3(b).
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FIG. 6: (color online) Two critical Raman coupling strengths
Ω
(1)
c and Ω
(2)
c , (a) as a function of recoil energy Er with a
fixed trap frequency ω = 2ω0, and (b) as a function of trap
frequency ω with a fixed recoil energy Er = 50~ω0. The other
parameters are: g↑↓ = 0.9g, g = 0.16~ω0aho, δ = 0.
Figure 6(a) plots the dependence of Ω
(1)
c and Ω
(2)
c on
Er at the fixed trap frequency ω = 2ω0. As Er decreases
from 50~ω0, both Ω
(1)
c and Ω
(2)
c decrease and the regime
of Phase II exists shrinks. At a critical value of Er around
10~ω0, the two critical Raman coupling strengths merge,
and for Er smaller than this critical value, Phase II dis-
appears.
Figure 6(b) depicts Ω
(1)
c and Ω
(2)
c as functions of ω at
8the fixed recoil energy Er = 50~ω0. Here we see that
Ω
(1)
c is not very sensitive to ω, while Ω
(2)
c is a decreasing
function of ω. At a critical value of ω, Ω
(1)
c and Ω
(2)
c
merge and Phase II disappears. That the dependence of
Ω
(2)
c on Er and ω should be expected, because the critical
Ω for the single-particle degenerate transition, which is
approximately equal to Ω
(2)
c , has a similar dependence on
these two parameters as shown in Fig. 1(b).
IV. TWO-FERMION GROUND STATE
The physics of the two-fermion ground state is quite
different from that of two bosons, because of the anti-
symmetric nature and the Pauli exclusion principle for
the quantum states of identical fermions. The Hamil-
tonian, density-density correlation functions, and spin
density profiles of the two-fermion system are given by
Eqs. (9), (12), and (13), respectively, where |Ψg〉 de-
notes the two-fermion ground state. As we are only
considering s-wave contact interaction, there is no intra-
species interaction between two fermions. To investi-
gate the properties of this system, we expand the Hamil-
tonian onto the antisymmetric two-particle basis states
|ij〉f ≡ 1√2 (|i〉1|j〉2 − |j〉1|i〉2), and then follow a similar
procedure as above for the two-boson case.
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FIG. 7: (color online) For the case of two weakly interacting
fermions, energy difference between the first excited state and
the ground state, as a function of Ω with g↑↓ = g, 0.6g,−g.
The parameters: δ = 0, qr = 10
√
m~ω0, ω = 2ω0, ω⊥ =
100ω0, g = 0.16~ω0.
Through exact diagonalization of the Hamiltonian in
Eq. (9) with δ = 0, we obtain ∆Ef , the energy difference
between the two lowest-lying states, and plot it in Fig. 7
as a function of Ω for several different values of g↑↓. As
Ω increases from zero, ∆Ef first decreases and reaches a
minimum near Ωc (the critical value of the Raman cou-
pling strength at which the single-particle ground state
degeneracy is lifted), and then starts to increase again.
The essential difference with the two-boson case is that
here∆Ef is always positive and never becomes zero. Fur-
thermore, since we are concerned with the weak interac-
tion regime, the interaction strength g↑↓ does not have a
significant effect on the system.
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FIG. 8: (color online) (a)(b) Density-density correlations of
two-fermion ground states, which satisfy Cf↑↑(0, x) = C
f
↓↓(0, x)
and Cf↑↓(0, x) = C
f
↓↑(0, x). (c)(d) Spin density profiles of two-
fermion ground states. The figures are plotted for the cases
with Ω/~ω0 = 130, 250, g↑↓ = 0.6g and δ = 0.
In Fig. 8, we display the properties of the two-fermion
ground states for two Raman coupling strengths, one
smaller and the other larger than Ωc:
Ω < Ωc — For this case, the single-particle ground
states, |g1〉 and |g2〉, are two-fold degenerate, and the
two-fermion ground state can be approximately repre-
sented as
|Ψg〉 ≈ |g1g2〉f =
1√
2
(|g1〉1|g2〉2 − |g2〉1|g1〉2) , (22)
from which the correlation functions and density profiles
can be straightforwardly calculated as
Cf↑↑(x1, x2) = C
f
↓↓(x1, x2) ≈ A1 −B cos [2k (x1 − x2)] ;
Cf↑↓(x1, x2) = C
f
↓↑(x1, x2) ≈ A2 −B cos [2k (x1 − x2)] ;
nf↑(x) = n
f
↓(x) ≈ φ21(x) + φ22(x) , (23)
with A1, A2, and B given in Eq. (16). The numerical
results are displayed in Fig. 8(a) and (c). For this case,
the density-density correlation function Cfσ1σ2(x1, x2) is
characterized by oscillations (or stripes) which arise from
the sinusoidal terms in Eq. (23).
9Ω > Ωc — For this case, the single-particle ground
state |g〉 is non-degenerate. The two-fermion ground
state can be approximately represented as
|Ψg〉 ≈ |ge〉f =
1√
2
(|g〉1|e〉2 − |e〉1|g〉2) , (24)
where |e〉 denotes the non-degenerate single-particle first
excited state. The density-density correlation functions
and spin density profiles are displayed in Fig. 8(b) and
(d), respectively. In contrast to the single-peak struc-
ture in the previous case, here the spin density profile
exhibits a double-peak structure because the real space
probability profile of |e〉 features double peaks.
We remark that a system of two atoms is not unreal-
istic. Current technology has made it possible to trap
deterministic few atoms, which allows us not only to sys-
tematically investigate the connection between few- and
many-body physics, but also to study unique features of
few-body systems. In a series of experiments carried out
in S. Jochim’s group [28], a few-body system of fermions,
with atom number precisely controlled between 1 and
10, is realized in an optical dipole trap with a fidelity
of 90%. If we apply the spin-orbit coupling in this kind
of experiments, the ground states studied in our work
should be readily obtained and their properties such as
density profiles and correlations can be measured.
V. MEASURING THE INTERACTION
INDUCED ENERGY GAP
In Sec. III, we have demonstrated that, for the two-
boson case with δ = 0, the energy gap ∆Eb in Phase I
with Ω < Ω
(1)
c is induced by the spin-dependent interac-
tion. For fixed values of Ω and g in this regime, g↑↓ and
∆Eb have a one-on-one mapping relation, and hence one
can obtain the value of g↑↓ through measuring ∆Eb.
In this section, we propose an experimental scheme to
measure ∆Eb for the two-boson case. In the Ω < Ω
(1)
c
regime, we consider |Ψg〉 as an initial state perturbed by
a harmonic trap with a periodically modulated trapping
frequency ω(t) = ω [1− α sin (ωvt)], where ω is the orig-
inal trap frequency, ωv is the modulation frequency, and
α≪ 1. The time evolution of the two-boson state |Ψ(t)〉
is then determined by the Schrödinger equation
i~
∂
∂t
|Ψ(t)〉 = Hv (t) |Ψ(t)〉 , (25)
with the time-dependent Hamiltonian
Hv (t) = h
v
1 (t) + h
v
2 (t) + Vˆ , (26)
where hvi (t) take the form of Eq. (1) with ω replaced
by ω(t). We study the time evolution of the system by
solving Eq. (25) using the Crank-Nicolson method.
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FIG. 9: (color online) Excitation of the two-boson ground
state in a harmonic trap with periodically modulated trapping
frequency ω [1− α sin (ωvt)]. We fix g↑↓ = 0.6g, Ω = 80~ω0,
ω = 2ω0, α = 0.05, and choose the two-boson ground state
as the initial state. (a) Probability Pe (t) on the first excited
state for the on-(off-)resonance case with ωv = ∆Eb (0.8∆Eb),
as a function of time t. (b) Pe as a function of ωv when
ω0t = 15000. (c1)-(c3) Time evolution of the total density
profile nb (x) for the on-resonance case with ωv = ∆Eb.
The measurement of ∆Eb can be conducted by making
use of the resonant excitation of the system. We investi-
gate how periodic perturbations with various ωv influence
the probability Pe (t) for the ground state to be excited
to the first excited state. In the following discussion, we
consider g↑↓ = 0.6g and Ω = 80~ω0, and hence define
∆Eb ≡ ∆Eb (Ω = 80~ω0). For an on-resonance modu-
lation with ωv = ∆Eb, we see in Fig. 9(a) a significant
growth of Pe, whereas for an off-resonance modulation
with ωv = 0.8∆Eb, Pe never exceeds 0.5%. We plot in
Fig. 9(b) the excitation probability Pe as a function of
the modulation frequency ωv at ω0t = 15000, where a
typical resonance peak is clearly seen.
In order to visualize the above resonant excitation pro-
cess, we examine the time evolution of the total den-
sity profile which is defined as nb (x) ≡ nb↑ (x) + nb↓ (x).
For the on-resonance case with ωv = ∆Eb, nb (x) de-
velops a stripe pattern as a function of t, as shown in
Figs. 9(c1)-(c3). The presence of this stripe pattern is
because |Ψ(t)〉b becomes a superposition of the ground
state |Ψg〉 and the first excited state during the time evo-
lution. However, for off-resonant modulation, the system
is almost unaffected by the periodic perturbation, and
the stripe pattern is not present in nb (x).
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VI. CONCLUSION
In this paper we have systematically investigated the
single-particle and two-body ground states of Raman-
induced spin-orbit coupled ultracold atoms in a 1D har-
monic trap. In the absence of the Raman coupling, all
single-particle eigenstates are two-fold degenerate. As
the Raman coupling strength increases, the degeneracy
of higher energy eigenstates start to be lifted first, and
eventually at a critical coupling strength, the ground
state (and hence all energy eigenstates) becomes non-
degenerate. The single-particle spectrum and wave func-
tions help us to understand the two-body properties of
the system for both bosons and fermions. For the two-
boson case, we point out three phases distinguished by
the behaviors of the degeneracy, density-density correla-
tion functions, and spin density profiles. Then we iden-
tify a regime where the two atoms in the ground state
are entangled and characterized by stripes in density-
density correlations. This regime corresponds to the
regime of the exotic stripe phase in the mean-field many-
body limit. Our work therefore establishes a connec-
tion among one-, few- and many-body physics of trapped
atomic systems with spin-orbit coupling.
This work is supported by NSF and the Welch Foun-
dation (Grant No. C-1669).
Appendix A: Two-body vs. Mean-Field Many-Body
results for bosons
One of the goals of our work is to bridge the two-
body and the many-body physics. Most of the many-
body properties of weakly interacting condensate can be
well understood under the mean-field framework. In the
mean-field approach, the underlying assumption is that
all the atoms occupy the same single-particle state and
quantum entanglement between atoms is neglected. The
two-body ground states in Phase II and III studied in
Sec. III are consistent with this assumption, and the con-
nection between the two-body and many-body physics
can be easily seen from the right two columns of Fig. 4.
By contrast, Phase I requires some special attention.
In Phase I of the two-boson system, the single-particle
ground states are two-fold degenerate and are denoted as
|g1〉 and |g2〉, and the two-boson ground state is given in
Eq. (14), which we rewrite here:
∣∣ΨIg〉 ≈ |g1g2〉b ≡ 1√2 (|g1〉1|g2〉2 + |g2〉1|g1〉2) . (A1)
State
∣∣ΨIg〉 is a maximally entangled state, hence is ex-
pected to be very different from the mean-field ground
state. In fact, in this regime, in the language of second
quantization the mean-field many-body ground state can
be roughly represented as
|ΨMF(θ)〉 = 1√
2NN !
(
e−iθ/2a†1 + e
iθ/2a†2
)N
|0〉 , (A2)
where N ≫ 1 is the number of particles, |0〉 is the
vacuum state with no atoms, and a†i is the creation
operator that create an atom in single-particle state
|gi〉. This mean-field state corresponds to the situation
where all atoms occupy the same single-particle state
(e−iθ/2|g1〉+eiθ/2|g2〉)/
√
2 which is a coherent superposi-
tion of the two single-particle ground state, with θ being
an arbitrary phase. This state possesses no quantum en-
tanglement between different particles, but do give rise
to the density stripe as shown in Fig. 4(a3).
We can draw an analogy from a different system: a
system of many scalar bosons in a double-well potential,
in which the operators a†i correspond to creation opera-
tor that creates a particle in the ith well (i = 1, 2). This
system is analyzed in detail in Ref. [29]. The mean-field
analysis yields a state similar to Eq. (A2), but the quan-
tum calculation produces a different result to the mean
field.
The mean-field state |ΨMF(θ)〉 in Eq. (A2) has, on av-
erage, N/2 atoms in both |g1〉 and |g2〉. However, the
occupation number for each of these states possess large
fluctuations. It is probably beyond anyone’s capability
to write down the full quantum many-body wavefunc-
tion for this system. However, we can still make some
qualitative remarks with insights drawn from Ref. [29].
In quantum treatment, large number fluctuations, as in-
cluded in the mean-field state |ΨMF(θ)〉, are in general
not favored by interaction, which tends to drive the state
into the Fock state:
|ΨF〉 = 1
(N/2)!
(a†1)
N/2(a†2)
N/2 |0〉 , (A3)
which is just the N -body analog of the two-body ground
state |ΨIg〉. Furthermore, the Fock state |ΨF〉 may be
roughly regarded as a superposition of mean-field states
averaged over the phase θ, i.e.,
|ΨF〉 ≈ C
ˆ 2pi
0
dθ |ΨMF(θ)〉
where C is a normalization constant. Conversely, the
mean-field state may be regarded as a broken-symmetry
state with a random but fixed θ.
In summary, we can establish the following connection
between the two-body results and the mean-field many-
body results for Phase I. The two-body ground state does
not exhibit strips in the density profiles, as can be seen
in Fig. 4(a2), but does contain quantum entanglement
between the particles and exhibit oscillations in the cor-
relation function, as shown in Fig. 4(a1). As the number
of atoms increases and the mean-field limit is approached,
quantum entanglement becomes more and more fragile,
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and is completely neglected in the mean-field treatment.
The mean-field assumption is also consistent with the pic-
ture of spontaneous symmetry breaking, where a random
but specific θ is selected and all the atoms are considered
to be condensed into the linear superposition state of |g1〉
and |g2〉 with a phase difference θ. Such a state leads
to the stripe pattern in the density profile, as shown in
Fig. 4(a3). We can therefore state the following: For the
system under current study, through spontaneous sym-
metry breaking, the oscillations in two-body correlation
function become manifest in the stripes of mean-field den-
sity profiles.
We remark that this connection between few-body
correlation function and mean-field density profile is
not unique to our system. For example, Kanamoto et
al. studied a system of attractive scalar bosons con-
fined along a ring [30]. When the attractive interaction
strength exceeds a critical value, the mean-field calcula-
tion shows that the density profile of the BEC becomes
inhomogeneous and take the form of a bright soliton.
However, the quantum calculation for a few-body sys-
tem always gives a homogeneous density profile, but the
second-order correlation function exhibit inhomogeneity.
Appendix B: Two-Boson Ground State in Phase I
and Phase II
In both Phase I and II of the two-boson system, the
single-particle ground states are two-fold degenerate and
are denoted as |g1〉 and |g2〉. In the case of two interacting
bosons, the following two situations represent potential
candidates for the ground state:
1. Both atoms occupy the same single-particle ground
state. Hence the two-boson state is given by |g1g1〉b
or |g2g2〉b, which are the states represented by
Eqs. (18). From symmetry, we know that these two
states are always energetically degenerate, hence we
only consider |g1g1〉b in the following.
2. The two atoms occupy different single-particle
ground state. Hence the two-boson state is given by
|g1g2〉b, which is the state represented by Eq. (14).
The question of concern is which state, |g1g1〉b or |g1g2〉b,
possesses the lower energy. It is obvious that we only
need to compare the interaction energy associated with
these two states, which we denote as EI,IIint with
EIint ≡ b〈g1g2|Vˆ |g1g2〉b ,
EIIint ≡ b〈g1g1|Vˆ |g1g1〉b .
With Eqs. (6), (7), and (11), it is straightforward to
show that
EIint = (4g + 2g↑↓)D + g↑↓F ,
EIIint = 2g↑↓D + gF ,
where
D =
ˆ
dxφ21 (x)φ
2
2 (x) , (B1)
F =
ˆ
dx
[
φ41 (x) + φ
4
2 (x)
]
,
from which we have
EIint − EIIint = gF
[
g↑↓
g
− f(Ω)
]
, (B2)
where f(Ω) = 1− 4D/F and, according to our numerics,
is a decreasing function of Ω and satisfies the condition
0 < f(Ω) < 1.
If the interaction is spin-independent, i.e., g↑↓ = g,
Eq. (B2) shows that EIint > E
II
int, the two-boson system
is in Phase II and the two atoms occupy the same single-
particle state. This is the manifestation of the bosonic
statistics, which favors repulsive bosons to occupy the
same state.
For spin-dependent interaction, the situation is more
complicated. If g↑↓ > g, EIint > E
II
int still holds, and
the interaction also favors two atoms occupying the same
state. Hence the interaction effect and the statistical
property strengthens each other, and the system remains
in Phase II. If g↑↓ < g, the interaction favors two atoms
occupying different states, and hence competes with the
statistical effect. For a given Ω, when g↑↓ < gf(Ω), the
interaction wins the competition and the system enters
Phase I. The above analysis also agrees with Fig. 3(b)
by showing that for a given g↑↓ < g, the system enters
Phase I when Ω < f−1(g↑↓/g).
One may still ask the question: In Phase II, can the
two atoms occupy the same single-particle state which
is a linear superposition of |g1〉 and |g2〉? For example,
how about the state |ΨMF(θ)〉 as in Eq. (A2) with N =
2, which represents the state where both atoms occupy
the single-particle state (e−iθ/2|g1〉+ eiθ/2|g2〉)/
√
2. The
answer is that such a state is not favored in Phase II.
This can also be understood from the interaction energy.
State |ΨMF(θ)〉 can be regarded as a linear superposition
of |g1g1〉b, |g2g2〉b, and |g1g2〉b. The first two are the
degenerate two-boson ground state in Phase II, while the
last one is the corresponding first excited state. Hence
|ΨMF(θ)〉 cannot represent the ground state.
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